We define a nonlinear filtering based on correlations on unit spheres to obtain both rotation-and scale-invariant three-dimensional (3D) object detection. Tridimensionality is expressed in terms of range images. The phase Fourier transform (PhFT) of a range image provides information about the orientations of the 3D object surfaces. When the object is sequentially rotated, the amplitudes of the different PhFTs form a unit radius sphere. On the other hand, a scale change is equivalent to a multiplication of the amplitude of the PhFT by a constant factor. The effect of both rotation and scale changes for 3D objects means a change in the intensity of the unit radius sphere. We define a 3D filtering based on nonlinear operations between spherical correlations to achieve both scale-and rotation-invariant 3D object recognition.
Introduction
Three-dimensional (3D) optical information systems are receiving considerable attention nowadays because of their vast potential for applications, such as object recognition, image encryption, and 3D display [1] [2] [3] [4] [5] [6] . Generally, the information of a 3D object is contained in a set of triplets with the ͑x, y, z͒ coordinates of the object surface. Object detection means scanning over the six degrees of freedom (three rotations and three translations) for the best matching with the reference set of points. However, a significant reduction of the complexity can be achieved by collecting a few views of the object as planar images. For example, a range image can contain full 3D geometrical information, although only from a given point of view. Range images are obtained from most of the 3D digitizing techniques [2, 3] . The encoding of the depth (range) information has been used in the literature to extend the possibilities of range image recognition using the phase Fourier transform (PhFT) [6, 7] . The idea is to detect the planar surface of a 3D range image when the Fourier transform of a phase-coded image (the amount of phase being proportional to the elevation) is calculated. Another application of this technique is face recognition, for which the range image plays an important role since it contains richer and more accurate shape information than those in a two-dimensional (2D) intensity image [8] .
However, a main limitation of most 3D matching methods is the limited tolerance to rotations and scale changes in the object. In [9] and [10] the authors showed a method for detection and orientation evaluation of 3D objects that suffer an arbitrary rotation in space. The method is based on computing a map or a signature of the 3D object based on the local orientation of its surfaces by means of range images. Moreover, the detection is done by correlation techniques [9, 10] . The map (named 3D object orientation map or 3DOOM) contains the information of all viewpoints for any possible orientation of the 3D object. In this paper we use the 3DOOM information to perform 3D filtering based on vector space representation to achieve tolerance to scale changes in addition to rotation invariance. The idea is to combine some particular correlations on the 3DOOM unit sphere with nonlinear local statistical operations that we have defined for intensity-invariant 2D pattern recognition [11, 12] . We will show that scaling a 3D range object implies the multiplication of the amplitude of the PhFT distribution by a constant factor. Thus, a change of scale is transformed into a change in the illumination (multiplication by a constant). In common correlation, if the illumination model consists of multiplying a target by an unknown constant factor, the correlation peak will change by the same amount. Lefebvre et al. [11] defined a nonlinear filtering method known as the locally adaptive contrastinvariant filter (LACIF), which is invariant under any linear intensity transformation or, to be more precise, affine intensity transformation. This LACIF operation uses three 2D correlations involving local statistics and nonlinearities. It was applied directly to scenes containing unsegmented targets. One of the advantages of the LACIF method is that no a priori information about the constant values involved in the linear illumination model is assumed. The LACIF has noteworthy properties in the context of vector space interpretation [11, 12] . We have also defined a local angular distance correlation connected with LACIF for illumination-invariant 3D range images [13] . Changing lighting conditions for a 3D object implies multiplying Lambertian reflectance functions obtained with distant light sources by a constant factor. Those reflectance functions are expressed in terms of an orthonormal basis defining a vector subspace where local angular distance correlation measures the angle between a target and a projection to that subspace [13] . Recently, we used a phase Fourier vector model for scale-invariant 3D image detection [14] .
In this paper we propose to extend 2D LACIF correlation to 3D spherical surfaces to detect a 3D object that has been arbitrarily rotated and scaled simultaneously. The method is based on the definition of a certain spherical nonlinear correlation. In Section 2 we review the basis of the 3DOOM calculation. The effect of a change in the scale of a 3D rotated object is presented in Section 3. Invariant spherical correlation is described in Section 4. The application of the method and the results are in Section 5.
Three-Dimensional Object Orientation Map (3DOOM)
We define a range image as x ϭ f͑y, z͒. It contains the depth information of an object from a given view line that defines the x axis. The range image is considered a set of facets that may be described by their normals to the surface. The codification of the depth information has been used in the literature to extend the possibilities of range images for pattern recognition [6, 7, 9, 10] . Those techniques are based on phase coding. We encode the range as phase as follows:
where k is a constant to adjust the phase slope of the object. A way to deal with range images keeping translation invariance is to use their Fourier transforms. The Fourier transform of the phase-encoded range image (PhFT) is
where F 2D stands for 2D Fourier transform and ͑, ͒ are conventional spherical coordinates in the Fourier domain. A detailed description of the coordinate changes in the PhFT domain can be found in [9] and [10] . The k factor gives the scaling of the Fourier transform frequencies, and we will assume k ϭ 1. The value of the k factor is chosen to ensure that the important frequency information fits the size of our images. After a phase codification, a planar surface will become a linear phase factor whose Fourier transform will give a peak located in a certain position. Let us consider Fig. 1(a) , which represents our coordinates and axis definitions. The x axis defines the view line, the polar axis is the z axis, and the azimuth is measured with respect to the y axis. Note that from now on we will assume that the amplitude of the PhFT is expressed in angular coordinates, where a certain location of a peak gives directly the orientation of a corresponding facet [10] . The effect of a rotation of the 3D object around the z axis implies a shift in the amplitude of the PhFT domain defined in Eq. (2) [9] . If the full 3D information of the object is known, it is possible to calculate in advance the amplitude of the PhFT for any possible orientation. This makes it possible to build the 3DOOM that contains the information for all viewpoints by displacing and pasting on a large image the different amplitudes of the PhFTs expressed in spherical coordinates. The angular variations of and are ͓0, 2͔ and ͓Ϫ, ͔, respectively. This 3DOOM contains the information about the normals for all possible angles in a single image [9, 10] . Moreover, we have performed the 3DOOM by changing and at intervals of 1°. A rotation of the object will be converted into a rotation on the 3DOOM in the unit sphere, but the planar representation will not undergo a simple transformation because the mapping will be affected by changing the nonlinear coordinates from spherical to rectangular coordinates [9] . Moreover, to achieve fully rotationinvariant recognition, a correlation bewteen the 3DOOM of different objects can be defined [10] . In the further sections we review the coordinate transformations from rectangular to angular variables to define the correlation between spheres. This is what we name a spherical correlation.
Scale Changes for 3DOOM
The effect of a scale in a range image only leads to a change by a constant global factor in the amplitude of the PhFT domain, with no change in the pattern distribution [14] . Let us assume that the scaled range image is given by
where m is the scale factor. Although the scale is changed, the shape of the object will remain the same as well as the orientation of the normals, except for a constant value, which is related to the scale factor [6] . It can be shown mathematically that the amplitude of the PhFT of a scaled object can be expressed in terms of the amplitude of the PhFT of the nonscaled object as [14] |PhFT xЈ͑ ,
Thus, a scale change in the range image will only lead to a multiplication of the amplitude of the nonscaled PhFT domain by a constant factor, with no change in the pattern distribution of the PhFTs. Only a global change in the intensity is visualized. To verify Eq. (3) we have simulated a change of scale for the range image shown in Fig. 1(b) and the effect of the amplitude of the PhFT for that range image. The result is shown in Fig. 3 . Figure 3 (a) shows a range image and Fig. 3(b) its amplitude of the PhFT distribution drawn on the unit sphere for that particular orientation of the 3D object. Similarly, Fig. 3(c) shows a scaled version of Fig. 3(a) ; the scale factor is 0.6. The effect of scaling, according to Eq. (3), is a change in the amplitude pattern of the PhFT distribution drawn on the unit sphere [see Fig. 3(d) ]. The particular view drawn in the 3DOOM for Fig. 3 , corresponds to Fig. 1(b) in which the object has no rotation ͑ ϭ 0°, ϭ 0°͒. Note that we only represent that particular view as a patch in the 3DOOM. On the other hand, as the surface of the 3D object is a bounded curve, the change of scale may cause some problems due to digitalization processes. Then, some information can be lost in the mapping of the 3DOOM; nevertheless the description is sufficient to provide detection, as we will show in Section 5.
We will define a method to detect a 3D object with independence of the rotation and the scale. The method is based on performing spherical correlations between the 3DOOM distribution and different patches on the unit sphere as well as the introduction of a nonlinear function to incorporate the intensityinvariant detection to the 3DOOM distributions.
Invariant Spherical Correlation
For a conventional 2D correlation, the images to be correlated as well as the correlation plane are 2D distributions. The 2D matching process is performed by scanning the spatial coordinates of one of the two distributions on the other. Similar concepts can be applied for correlations between unit spheres, where the scanning process using shifting operations are replaced by rotations by means of Euler angles ͑␣, ␤, ␥͒ [10] . The definition of Euler angles is shown in Fig. 4 . A mathematical definition of the correlation on the unit sphere between two real distributions f͑, ͒ and g͑, ͒ defined on the surface of the sphere is [15] (4) where SO(3) is the rotation group, * SO͑3͒ is the spherical correlation, d m,mЈ j ͑␤͒ are the reduced rotation matrices [16] , and F j,mЈ and G j,m are the spherical Fourier transforms defined as [10] F j,mЈ ϭ ͵f͑, ͒ Y lm * ͑ , ͒ sin ͑ ͒ dd, (5) where Y lm ͑, ͒ are the spherical harmonics functions. Note that on the unit sphere the Fourier expansion involves the use of spherical harmonics instead of linear exponential functions. Following [10] , f and g are the amplitude of the PhFT from a given (unknown) point of view and the 3DOOM, respectively. The output correlation will be 3D, and the location of the correlation admits a rapid implementation using the fast Fourier transform algorithm [17] .
In this paper, we apply the correlation on the unit sphere [Eq. (4)] to intensity-invariant 3DOOM detection. The basic idea is to extend the 2D LACIF process, which is invariant under any affine intensity transformation [11, 12] , to the 3D spherical process. An affine transformation of intensity over a unit sphere target can be expressed as
where a and b are unknown constants, f͑, ͒ is the amplitude of the PhFT from a given point of view [see Fig. 3(b) , for instance] and w͑, ͒ is a binary 3D object support that is equal to unity over the support of the target f͑, ͒ and equal to zero everywhere else. The final expression for the 3DOOM LACIF is
where L gf ͑␣, ␤, ␥͒ is the 3DOOM LACIF correlation, N is the area involved in the particular section on top of the unit sphere, and f o ͑, ͒ ϭ f͑, ͒ Ϫ f w͑, ͒, where f is the mean of f͑, ͒. Then, f o ͑, ͒ is a zero-mean image. If g͑, ͒ is expressed in terms of affine transformations ͑g ϭ af ϩ b͒ as Eq. (6), then the correlation of Eq. (7) is equal to unity [11] , so the method is invariant to the intensity transformation considered. According to Eq. (3), the relation between scale factor, m, and intensity factor, a, is m 2 ϭ a. In addition, constant b is equal to zero. The values of the constant factors have no importance in recognition because the LACIF method will obtain intensity invariance whatever the constant values are.
Although Eq. (7) implies a kind of locally adaptive 3D processing, the operations carried out involve only the calculation of three spherical correlations according to Eq. (4). Our method will detect a range target that has been rotated and scaled arbitrarily. To be more precise, we will correlate the 3DOOM with the target that will be a patch on the surface of the unit sphere. If the rotated target coincides with the reference object, the target patch will be contained in the 3DOOM. Moreover if the target is also scaled, it will give a change in the intensity of the patch and it will also be detected by the intensity-invariant correlation of Eq. (7). In addition, the LACIF techniques also yield good discrimination against false targets, as we will show in the following section.
Results
Because the number of degrees of freedom to be tested is significant, it could be complex to represent all together. Because of that, we have carried out two sets of experiments. The first experiment deals with the detection of a 3D target that has been scaled and rotated around the z axis and the second experiment is applied to fully rotational and scaled 3D targets using the invariant spherical correlation described in Section 4.
A. Rotation around the z Axis and Scale Changes
Coming to the PhFT definition of a range image in terms of angular coordinates, a rotation around the z axis implies just a shift of the 3DOOM along the coordinate. This effect is shown in Fig. 5 . As we can see, any shift in the amplitude of the PhFT domain, which corresponds to a specific rotation, will be con- tained in the planar 3DOOM [ Fig. 2(a) ]. Because of that, to detect a particular view of the object, common 2D linear correlation can be applied between the planar 3DOOM of Fig. 2(a) and the PhFT amplitude of the corresponding rotated object. The basic idea of this recognition method is to take advantage of the shift invariance properties of common linear 2D correlation [9] . Moreover, adding the scale invariance to the previous issue implies a change in intensity of the PhFT amplitude distributions. We have applied the 2D LACIF correlation described by us in [14] between the complete planar 3DOOM and a particular rotated and scaled target to obtain both scale and rotation around the z axis invariances. Two distributions are involved in LACIF correlation: For the reference input we will use f͑, ͒ ϭ Planar 3DOOM͑, ͒, that is, the planar 3DOOM. For the input target, g͑, ͒ ϭ |PhFT xЈ R ͑, ͒| we used the amplitude of the PhFT of the specific scaled and rotated object. Note that x R Ј͑y, z͒ is the range image of the object that has been rotated and scaled. Figure 6 shows the correlation results with LACIF. We have used a polar diagram to show all possible rotations around the z axis as well as different scale factors. The radial coordinate is the scale and the angular coordinate is the rotation around the z axis. For each scale and rotation value, we calculate the 2D LACIF correlation peak value. We remind that LACIF correlation values are normalized to unity by definition. Finally, a threshold is applied to binarize the final result. We have applied a 0.7 threshold value, so, if the correlation peak value is above 0.7, then we associate value 1, and 0 otherwise. We have changed the scale range between [0.6 -1.2] and the rotation angle ʦ ͓0, 2͔ for the bear 3D range image, respectively. In spite of a few black sectors, the method has detection tolerance to changes of rotations around the z axis and to scale.
Because the shift of the amplitude of the PhFT in the planar 3DOOM distribution is not exact, and due also to the digitalization process, the correlation peak output is not exactly one. Thus, the method exhibits a certain tolerance. Because of that, we have applied a threshold. Another interpretation of the polar recognition diagram is that almost all combinations between changes of scale and angle are above that value. Only for small objects (inner radius or scale factor of 0.6) some combinations are below 0.7, and then it appears in the polar diagram representation as black sectors. In spite of those few sectors, the method has detection tolerance to changes of rotations around the z axis and to scale. Moreover as the LACIF process applied in this subsection is also defined in terms of 2D correlations, conventional optical correlators, such as the Vander Lugt correlator or joint transform correlator architectures, can be used. The next subsection will be related to applying the technique when the 3D object is rotated arbitrarily.
B. Global Rotation and Scale Changes
In this section we show the results of the invariant spherical correlation expressed in Eq. (7). The reference range image used to test the rotation and scale changes is in Fig. 1(b) . To simplify the interpretation of the results, without loss of generality, the rotations are limited to the rotations around the z axis and the y axis. Moreover, for giving a general interpretation of the method it would be convenient to show the correlation output value for the three variables, i.e., the ͑, ͒ angles and the scale factor. This is impossible to illustrate all together, since it would be a four-dimensional representation. To provide a clear explanation of the results, we have chosen some orientations of the reference range image and we have calculated the correlation output when the scale is the variable that changes. In addition, we have tested the discrimination abilities of the method using another object with the same orientation as the reference. Although the coordinates of the PhFT amplitude distributions are defined using ͑, ͒ angles, the fully rotational criterion will be expressed using the Euler system [10] . Moreover, we have chosen as the reference target the average between different scaled reference targets to minimize the possible sampling errors due to the scaling digitalization process. This is the reason why in all the results the correlation value will not reach unity. Figure 7 is the first group of results when the rotation of the object is ␣ ϭ 0°and ␤ ϭ 0°[see Fig. 1(b) ]. The output values are almost constant for all scale factors, whereas the false range object is clearly isolated.
Different rotations are chosen and the scale changes analyzed in Figs. 8 and 9 . Note that Figs.   8(b) and 9(b) show the location of the rotations in 3DOOM, we also mark in the figures the axis coordinate system ͑x, y, z͒ to clarify the exact position of the area on top of the sphere. The LACIF 3DOOM correlation implies spherical correlations between those particular views and the complete 3DOOM shown in Fig. 2(b) . Although we finally present three particular rotations, the method was successfully tested for all possible ͑␣, ␤͒ rotations.
Conclusion
Scale-and rotation-invariant 3D object recognition has been converted to intensity-invariant pattern recognition. A 3DOOM distribution that contains all possible orientations of the object in terms of the amplitude of the phase Fourier transform of range images was calculated. From that description it is possible to achieve detection and rotation estimation even when only partial object information is presented by performing a correlation between unit spheres. However correlation is proportional to target intensity, so when multiplying a target by an unknown constant factor, the correlation peak height will change by the same amount. A scale change of rotated range images will imply a change of intensity in the 3DOOM unit sphere. We define a nonlinear operation based on combining three spherical correlations in a nonlinear way to achieve both scale-and rotation-invariant 3D object recognition. Various experiments were carried out to validate the approach. We successfully tested the method when other false targets were used.
